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Abstract-This paper deals with an e~act approal:h to the dynamil: stability of orthotropic shear­
dcformahle viSl:oclastic l1at plates subjected to in-plane uni!bia~ial edge load systems. In deriving
the associated governing equations a Boltzmann hereditary law is used and in addition transverse
shear derormation. transverse normal stress and rotatory inertia ellccts are incorporated. The
intcgro-dilferenti.l1 equations governing the st'lhility or simply-supported 11'1t plates are solved in
the Laplace transrorm (LT) space in (lrder to determine the critil'al in-pl.tIle edge 10;lds yielding the
asympt(llic instahility or l1at plales. The slahility analysis all(lws (lOe 10 (lhtain the nalure of lhe loss
or slahility. i.e. either hy divergl'nce or hy l1uller. Numerical aprlicali(1I1S arc presenled and pertinent
condusions arc r(HlIlulaled.

INTRODU<.TION

Tremendous interest in the analysis or liher-reinrorced composite plate (and shell) like
structures has heen manifested in the last I~w years in the field literature. This interest is
due to the advent and increased use of high modulus. high strength. low weight composite
materials in the various fields of modern technology. Among the multitude of applications
they include. e.g. the high-speed ain.:raft and aerospace structures. rocket engines. turbine
blades. etc. Due to the high temperature gradients experienced by these structures, their
constituent materials exhihit a time-dependent behavior which could be modelled by a
linear (or nonlinear) constitutive law. In addition. due to their weak rigidity in the transverse
shear direction. the theory of nat (or curved) panels composed of composite materials.
requires the inwrporation of transverse shear deformation ell~cts. In spite of its evident
importance. the research in this field appears to be somewhat scarce. In their monograph,
Malmcister cf al. (19S0) peformed a stability analysis for the transversely isotropic visco­
elastic panels undergoing cylindrical bending. However. in their approach, the viscoelastic
properties arc considered in the transverse shear direction only. Sincc the extensional moduli
in the direction perpendicular to the fibers also exhibit a time-dependent behavior (due to
the presence of the matrix) this constitutes an arguable restriction imposed on the material
behavior. Wilson and Vinson (1984) analyzed the stubility of rectangular. viscoelastic
orthotropic plates subject to biaxial compression. In their analysis the c4uations governing
the stability arc obtained by using a 4uasi-c1astic approximation which overlooks the
hereditary material behavior. Sims (1972) performed a similar 4uasi-e1astic analysis of the
problem. thereby implying an instantaneous time-dependent behavior as opposed to the
hereditaryone.

In this study line.lr viscoelasticity theory is used to analyze the dynamic stability of
composite, viscoelastic flat plates subjected to in-plane. uni/biaxial edge loads. To this end
an exact dynamic approach has been used. In deriving the associated governing equations,
a three-dimensional linearly viscoelastic, hereditary constitutive law is assumed. In addition,
having in view that composite-type structures exhibit weak rigidities in transverse shear.
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the associated go....erning equations al:count for the transverse shear deformations. as well
as for the transverse normal stress effect. which has hitht:rto been neglected. The integro­
differential equations governing the stability are derived using the e1astic~visl:oelasticcor­
respondence principle applied to the equations derived within the elastic range in Librescu
and Reddy (1986). The governing equations are solved for simply-supported boundary
conditions by using the Laplace transform technique. thus yielding the characteristic equa­
tion of the system.

In order to predict the effective time-dependent properties of the orthotropic plate. an
elastic behavior is assumed for the tIber. whereas the matrix is considered as linearly
viscoelastic. In this connection. towards the goal of evaluating the nine independent prop­
erties of the orthotropic viscoelastic material in terms of its isotropic constituents. the
micromechanical relations developed in Aboudi (I n7) arc considered in conjunction with
the correspondence principle of linear \iswelasticity.

The stability behavior analyzed here concerns the determination of the critical in-plane
normal edge loads yielding the asymptotic instability of the plate. The problem is studied
as an eigenvalue problem.

The general dynamic instability solutions are compared with their quasi-static counter­
parts. Comparisons of the various solutions obtained in the framework of the third-order
transverse shear deformation theory (TSDT) arc made with its first-order counterpart
(FSDT). Several special cases are considered and pertinent numerical results arc I:ompared
with the very few available in the field literature. Comparisons between the TSDT. FSDT
and the classical Kirchhofr theory of plates are also presented.

I'RELlMI:"iARIES

The case of a nat plate of uniform thickness h is considered. By S, we denote the
upper and lower bounding planes of the plate (defined by Xl = ±h(2) symmetrically located
with respect to its mid-plane (T (defined by Xl = 0), while by n we denote the edge boundary
surface.

The points of the three-dimensional spal:e of the plate will be refcm:d to a rcctangular
Cartesian system of coordinates x" where x, (:1 = 1,2) denote the in-plane coordinatcs, Xl

being the coordinatc normal to the plane x \ = O. Throughout the analysis. unless otherwise
stated, the Einsteinian summation convcntion is cmploycd whcre Grcck indiccs range from
I to 2, while Latin indiccs rangc from I to .3.

BASIC EQUAT10i\:S

Sfrain--tlisplact'l1len f eill/a f ions
For a third-order bending theory (TSDT) of platcs which retains the assumption

of inextensibility of the transverse normal e1emcnts, the following representation of the
displacement tkld across the thickncss of the plate was postulated (Librescu and Reddy.
1986) :

II) <11

V, = X1V,+(Xl)11~

where

(OJ

V 1 = I',

(nl (II)

V, = V,[X,.Xl' f] while I; = 1<[.1.',. f].

( I )

At this stage \ve note that the above representation of V, allows one to fulfill the static
boundary c~nditionson the extern,1I bounding planes S. implying the abscnce of tangential
external loads. The linear strain tcnsor is written as
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Upon substituting egns (I) into egn (2). we obtain

III III IJI IJI

2e,iJ = xJ( ~~.iJ + ~#.,) +(xJ)J( V,.II + Vp.,)
III IJI 101

2e,) = ~~ +3(x,); ~.~ + V,.,
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(2)

(3)

where e,p. e,., and e'J denote the in-plane. transverse shear and transverse normal strain
components. respectively. By virtue of the assumption implying the absence of distributed

III
external moments p,. i.e.

(4)

it may be shown (see for more details Librescu and Reddy (1986») that the following
relationship holds:

PI 4 (0) III

~~ = - jT/ (V,,; + V.). (5)

Equation (5) in conjunction with eqns (I) reveals that the bending theory of plates may be
(I) (0)

reduced to the determination of only three displacement components (i.e. V. and VJ ).

COllstitutit'e equations
As a result of the principle of superposition of the linear viscoelasticity theory we may

obtain Roltzmann's hen:ditary constitutive law (sec. e.g. Pipkin (1972) and Christensen
(19X2)). For a three-dimensional linearly viscoelastic anisotropic material this may be
written as (Malmeister et al.• 1980)

IT,Jt] = t'",,,[t]E,,,,,,,[O] + rr E"",,,[r!e,,,,,[t-r] dr
Jo

(6)

where E"",.,[t] are the relaxation moduli; t and r denote the current and delayed time
variabks. respectively. In egn (6) the first term corresponds to the clastic material behavior.
The Laplace transform (LT) ofegn (6) yields

(7)

where the overbars denote the LT with s as the LT variable. while the overdots denote time
derivatives. Considering the elastic part of constitutive law (6). we may express it in the
following convenient form (Librescu. 1975):

(8)

where IT,/I and IT", \ denote in-plane and transverse shear-stress components. while

(9)
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denote the reduced clastic moduli. (i\ being a tracer identif: ing the presence of (J" (which
takes the value 0 or I. al:cording to whether this intluenl:e is ignon:d or included l.

£L/liutiOf/S or II/olion

The equations of motion for a three-dimensional linear l:ontinuum are as follows:

(J".,+pH, = pr,

(J \/i.;1 + rr \, ; + p If; = p r;
( lOa)

( lOb)

where p denotes the mass density of the medium. and H, the body forces per unit mass,
[n order to formulate the refined bending theory of plates in terms of the basil'

11) (0)

unknowns r ~ and r ',. we nced thrcc mal:roscopil: cquations of motion, Thcse are obtail1t:d
by considering the moment of order onc Ill' the tirst two equations of motion. eqn (lOa).
and thc zeroth-ordcr momcnt ofthc third cquation of motil1n. egn (lOb). [n the absenl:c of
body forces. these two-dimensional equations of motion read

(I) (0) (I)

L'li.//- L" = (\ I,
(OJ

where

(n)

L, '.' + fI, -- (ill pit r', = 0

III' ("J,: )
/.,,[x,.x:.11 .= I .(J" d.r,

.". ,,-

( II)

( 12)

dcline the nlOlllent resultants and the transn:rse shear resultant, n:spe.:ctivcly, whi!l:

(Ill

/1 I [x I •.r:. II ( == «(J,,) Ih ,; :) (I J)

dcline the distribute.:d e.:xternal transverse.: loads (per unit area). \vhi!l: /J denotes the.: mass
density of the mediulll. In eqns (II) {)Il and <\ are two tracers ide.:ntifying the clrcct of the
transverse inertia and rotary inertia terlll

/11 ( j'h: )r, == , /' (,x \ dx \
\ ,,_ I

respectively, Towards the goal of repre.:senting thc governing cquations in tcrms of thc basic
(II (ill

variablcs r', and r', cqns (II) arc ttl be used in conjunction v.ith cqns (12), (8), (3), (5) and
(lOa) (which is intcgrate.:d acrllSS the.: segment [0. x.) in order to ddcrmine (J,,), This yields
the following governing cquations of elastic orthotropic nat platcs (TSDT):

F /1'1 40 III 40 1111 60 III
-' . ',/1' , r' /:' I' E r' . I' 0

-)').\()II/:. /J. ,.//+ /' ~,1;.1 ,+ /' ~";",;+(\,/[,,,=
'" 11 /' /'

(1) (0) (01 (ih

ihE",,;;( r :." + r ',;,.,) + fI' -,ill/JIll " = o.

In the.:se cquations

( 14)



The theor~ of orthotmplc viscoelastic shear deformahI.: composite nat panels

II! ph 1 I'i~ lii~

j, = (,H,-~,,)
60'
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( 15)

while F".", denotes the elastic transverse shear compliance when ;. = UJ. and FA''''J = °for
;. :f. UJ. Also the tracer J B identifies the dynamic etTect of 0' 3"

Within the first-order transverse shear deformation theory (FSDT) the following rep­
resentation of the displacement field is postulated:

II'
V,[x",.x,. t] = x, ~.~

1111

~·,[X".X,. t] = ~',. ( 16)

Neglecting the in!luence of 0',1 in the constitutive law (i.e. <),\ = 0 in eqns (8». and using
the procedure outlined for the TSDT WI': obtain the following equation governing the
bending of transverse shear deformable orthotropic !lat plates (FSDT) (Librescu. 1975):

III 101 101 (iiJ

l\~hEII1Al( J;,/I + ~"';II) + 1', -<)plllo ~', = 0 ( 17)

where 1\' is the transverse shear correction factor. 1/1 0 = ph and
ph'

111 1 = 12 .

TilE I:VlIATIO",S (iO'v'I'RNI N(j 'I'll I' STABILITY OF VIS('(WI.ASTIC ORTIIOTROI'IC FLAT
1'1.ATI:S

111
In the ;,bsence ofdistributed external moments (implying p, = 0), the stability equation

of ,111 orthotropic c1astil: plate may be obtained formally by replal:ing in the governing
101 101 101 101 10' 101 10' 10'

equations, p, by fl, + LII V',II + L:! V,,~~ +2L" VI.I~ (sec, e.g. Volmir (1967) and Ambart-
101 101 101

sumian (I ')70», where LII , L:! and L I ~ play the role of in-plane edge loads. A full deduction
of st,tbility equations was carried out in Chandiramani (1987). Furthermore, the viscoelastic
counterparts of elastic stability equations l:an be obtained by taking the LT of the latter
ones and then replacing therein the moduli and compliances by their Carson transforms
(CT). Employment of the above procedure in eqns (14) yields, in the Laplace transform
space, the equations governing the stability of viscoelastic, orthotropic, !lat plates. They arc

_. III 101 (III IOJ 101

~hE"');.l( Y:..", + V,.;",) + P J +!£'{ LII V,.11

(0' 101 10, tOI In) (01 IIi,

+ L~~ Y"'~~ +2LI~ V
"
d -()nph(s! V, -SV, [O] - V,[O)) = ° (18b)
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( 19)

In eqns (18) and (19) the overbar affecting a quantity denotes its LT while an overbar
followed by a star. i.e. (~*) denotes its CT. Inverting eqns (18) and (19) into the time
domain. we obtain

1(1 Ill'

+4,),E'/I"i[0j( ~~.",/{[tl + ~""';I;[tlJ

4°1' , III IIlI
+ / c £,,;,[t - rJ( ~[rl + V1.i[rj] dr

I Il

40 ill (Il) 60 (II

+ /' £,,,,d0j(V,,[t] + ~·\.[tj] + /' (\-I,[t] = 0 (20)
/- I

I, III (Ill III IIlI

1h £:",,,dt -r][V",,,,[r] + VJ,,,,,,[rll dr+ ~h£",w[OJ(~,,,,[tl+ V"..:",[tll
Il

(Ill (Ill (Il) IIlI IIlI IIlI IIlI til)

+ PJ[t] + L II [tJ VJ,ll [/J + LdtJ VJ,dtJ + 2L( ![/J V" dtJ -t5oph VI[tJ = 0, (21)

In eqns (20) and (21) the following notations have been introduced:

E,/ndt ] == 2'.1 {~ ~'/.'-,J},
S £.1111

(22)

Equations (20) and (21) represent the system of equations (in LT space) governing the
stability of viscoelastic. orthotropic. plates in the framework of the TSDT. By dropping, in
the above equations. the terms involving the time derivatives of the material properties, we
obtain the elastic counterparts of these equations.

A similar procedure applied to eqns (17) yields the LT of the equations governing the
stability of plates within FSDT. These arc
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and

iii ;m (OJ (O);m (01 {O)

K2hl;wU':./l+ V3,~fJ)+ p3+~{LII V3.11 + Ln VU2

(01 ;m (0) to) (0)

+2LI2Vl.d-bDmO(s2V3-SV3[0]- VI[O]) = O. (14)

Inversion of eqns (13) and (24) into the time domain yields

(Ii (0) ((I

-K~hEllJv[OJ(f:[t]+V1•.<[tj]-<\.m l fll[t] = 0 (25)

and

11 Iii 101 Cli (III

K:h til 1'\ [t - rJ[ v:..II[r] + VUII [rll clr + K:h£III.<I[OJ[ v:..II[t] + VI ..lIS[t)j
II

(II) (0) (0) (01 (01 101 (U) liil

+ I',[tl + LII [t] V,. I I [t] + Ldt) Vu:[t) +2Ldt) v" dt) - Jomu VI[tl == O. (26)

Equations (20) and (21) and their FSDT counterparts (i.e. eqns (25) and (26» represent a
system of linear integro-differential equations which could be used either in a dynamic
response or dynamic stability analysis of the system subjected to time-dependent, bi-axial,
in-plane edge loads.

It is also worthwhile to note at this point that for a stability analysis the transverse

load p)[t]. as well as the terms associated with the initial conditions for the displacement
field which appear in the governing equations should be dropped (Porter. 1968).

Boundary conditions
Equations (10) and (11) as well as eqns (25) and (26) represent sixth-order governing

equation systems the solutions of which must be determined in conjunction with the
prescribed boundary conditions (which are three at each edge). For a simply-supported
plate (hinged-free in the normal direction). we have the following boundary conditions:

(II III) (I)

V2 = VJ = L II =0 at XI =O,L I

(I) 101 (I)

VI = VI = L:: = 0 at X2 = 0, L 2• (27)

SOLUTION OF THE STABILITY PROBLEM

As was mentioned before. the stability of viscoelastic composite plates subject to in­
plane edge loads could be analyzed starting with eqns (20) and (21) or their FSDT counter­
parts (i.e. eqns (25) and (26». However. henceforth we will consider the case of constant,
in-plane. biaxial edge loads. i.e.
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For such a casl: it is morl: appropriat..: to sohl: th..: stahility probkm in th..: Laplacl:
transformed domain. Therdore. w..: s..:..:k thl: conditions on the edge loads that yield thl:
instability of the system (represented in the presl:nt cas..: hy th..: platl:).

Siahili Iy al/a/rsis lIsing Ihe Ihird-order IWl/sCene shcar dl'/imnal iOI/ Iheory ( TSD T)
As was noted previously thl: solution of the I:quation governing the stability of the

plate requires thl: fultilIml:nt of boundary conditions (:27). To this I:nd. the following
Ilf (UI

representation of thl: displacement field IJx.,.t] and 1·,[Y,.t] satisfying boundary con-
ditions (:27) is postulated:

IiI

J', ') '\ A"", cos [i.,,,.\,] sin [i."x:l 1:",,[11
n/ -0- I " 00- 1

III
,. - '\ '\ B .'
J- ~ - L- L.." mn sin

111 I"...,., I

[i.mx,] cos [i."x:lf",,[I]

(0)

I', = L: L: C,,,,, sill [i,,,\d sin [i"\·lf,,,,[11
1/1 I ,,- I

(28)

wh..:n: i.m= 1I1Tt:'!.,. i." = lilt I,: and ,'m,,' U,,"" C,,,, arc constants rcpresenting the amplitudes
of th..: displaccment quantities. Now the LT or eqns (20) and (21) arc ellns (IX) and (11)).

respectively. Thus. introducing the LT ofeqns (2X) into l'qn (IXa) corresponding to the rree
index:t. = I yields the following eqll~ltiOll:

L: L: (f'",,,['lf,,,,+1,,,,,[,j) cos [i.",.\, 1sin [i."x:1 = ()
11/ I II J

wh..:re

-, [] . ~* . I ~* .. ~ .,:=::;* ,. ~. ~*.;::;*. l

} "", .I' = - ( m" (I; , , , I I.,,, + f; I I :: I'm/." + - f: , : I : /.", /." ) +4 A"", (L I , I I /'m + E I : I : I.,;)
~. ., ::;* .. . ~* . '\ - ~ '%,* ~.+4B"", (Ell ::I.ml." + t 121 :1.",).,,) - Am,,(4,)" E , , I' I.,;,) - Bm"(4,),, I: II ::1.",).,,)

~* -=* ~.

- Cm"H,)" E I II ,I.,;, +4,)" E I I ~~I.,,,I.,~) - Cm" (5,5.\ ,jill! E I' J,I'm).1':

and

(2I)a)

(2%)

Thl: equation corresponding to the free index :t. = 2 can he ohtained from eqns (21)) hy
replacing the indl'x I with 2. I.m with i." and .·f"", \\lith Bm " (and vice versa). Examining I:qns
(29) (and their counterparts for the imkx :t. = 2). we may infer that due to the orthogonality
of the sine and cosine runctions, wc have the following result:

f'm"[slf,,,,[s] + 1,,,,,[.1'] = o. (30)

As was noted earlier. the stahility of a linear dynamical system (of the type represented by
eqn (30» does not depend on the initial conditions (i.e. 1,,,,,[.1']) hut is simply determined by
the nature of its impulse response. i.e. Y' ': (f'm,,[s]) I:). Thus we may write the stability
equation as follows:
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Ym"[S] = 0 (and its counterpart for the index x = 2). (31)

Now introducing eqns (28) into eqn (18a) for the case of uniform bia!dal compression (i.e.
10, Co) 10.

L II = q:llh. L~: = q:~:h. L t : = 0) we obtain

-I:. x-

L L (rf'm"[sJ!mAs] +],",,[5)) sin [I.mxd sin [;.".\":1 = 0
In= I ,,= I

where

WmAs] = Am,,(ihE~JIJ;'m) + Bm,,(JhE~J~J;'") +Cm,,( 3hE~, 13;';;' + ihE~J~';';)

+Cm"h[q: I I;';;' + q: ~:;·';l + Cm"«)DPIz)s~

and

A similar reasoning as above yields

(32)

(33)

Equations (31) (and their counterparts for the index 1: = 2) together with eqn (33) are the
three equations governing the stability behavior. This set of three equations represents a
homogeneous system of equations in terms of the unknown amplitudes A",". 8",,,. Cm"

(playing the role of an eigenvector). The use of eqns (31) and (33) in conjunction with eqns
(29) and (32). allows one to writt: this systt:m of hornogt:neous t:quations in the form:

wht:re

z~!

Zl~

~IJ] {A",,,} = ()
Zl,\ 8,,,,,

ZJ1 e",,,
(34)

- [( "'* , J ~* ..! ., ~* "1 ,';* . J
Z 11 = - E I II I)'''' - E 1111)'''')''' - _E I ~ 11)'''')''' - 4<)" E II1I )''''
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ZJI = [(3hE~J1Ji'm)]

ZJ2 = [(3hE; J2J i.,,)]

ZJJ = [(ihE~JiJi.';' + ihE;J2J i.'; +h[(llli.';' +222i.';]) + (J U plz)S2].

From eqn (3-l) it is seen that for non-trivial solutions of A",n. B",n' e",. the following
determinantal equation is to be fulfilled

det [Z,,] = o.

Equation (35) yields a characteristic equation of the form

(35)

(.16 )

where P",n[sJ and Q"",[.I"J are polynomials in s. Thus. the zeros of eqn (}6) are determined
from

['",,,[.I] = o. (.17)

Equation (37) is the characteristic eq uation of the system (represented ny the plate sunjected
to uniform biaxial compression). The leros of this equati'lll. i.e. the roots.l, of 1',,,,,[.1']. arc
the eigenvalues of the system which in general arc complex quantities. They decide the
nature of .I:"n[tl and hence the stanility of the system. When Re [.1',1 > o. .I:.,,,[tl necomes
unbounded with time and due to the nature of .1', the following cases of instanility may arise.
(i) fm [.\".1 = 0: in this case t:,,,,[/] grows exponentially with time. and we have instanility ny
divergence. (ii) fm [.\",11= (): ill this case.l:",,[t] has an oscillatory growth with time. This Ic:lds
to instability by nutter.

Therefore, the stanility problem is reduced to the examination of the nature of the
zeros of the characteristic equation, eqn (37). The codlicients of the characteristic poly­
nomial, P",,,[s], in eqn (37) ean be varied by suitably varying the in-plane edge loads 211

and 222 in order to yield the instability boundaries of the system.

Stahility analysis /Ising ajirst-orda IrUf/.\TI.'fS(' shear dejimllatiol/ th('ory (FSDT)
An analogous procedure to th:lt developed for the TSDT applied to eqns (25) and

(26), yields the characteristic equation of the system in exactly the same form as given by
eqn (37), but with different coetTicients. For this case the codlicients are

[ =:. (h) ) =:. (h 1 )J
Z I 2 = E I I 22 I2 i."';',, + E I 2 I 2 I2 i."';',,

2 1 J = [£~1I)(K2hi.",)J

Z21=2 12

z" = [£:",(111

i.,,2)+£""'I,(h) i.m2)+£~)')(K:h)+S'()CIllIJ_. "" 12 _. 12 .•

2 21 = [E;121(K 2hi.,,)]

2 11 = 2 11

2 12 = 2 21

Zn = [E~11)( K 2/zi.,;,) + t;'2'(K 2hl.,;) + h(Q II i. ,: + 2 "i. ,;) + «()()/II 0 ).1'2]. (.18)
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o

o
D

o

Fig. l. Arrangement of fibers in matrix.

By paralleling the procedure presented previously for the TSDT we may obtain within
FSDT the stability bound.tries for viscoelastic orthotropic plates subjected to uniform in­
plane edge loads.

MATERIAL PROPERTY OETERMINATION

The constitutive law of a three-dimensional anisotropic viscoelastic body (sec eqn (6))
will be fully determined hy expressing explicitly the relaxation moduli as functions of time.
This task will be accomplished hy using a micromechanical model. Such a model. developed
in Ahoudi (19X4. (9X6. 19X7) will allow one to predict the overall behavior (i.e. effective
properties E'Win) of the unidirectionalliber-reinforced composite. in terms of the properties
of its constituents (i.e. fiber and matrix).

This model assumes that continuous fibers extend in the x ,-direction and are arranged
in a doubly periodic array in the x~- and xrdirections (Fig. I). The cross-section of the
rectangular fibers is '" /" while ,,~. /~ represent their spacing in the matrix. Due to this
periodic arrangement. we need to analyze only a representative element as shown in Fig.
2. This representative cell contains four sub-cells identified by P. y = I. 2. Four local
coordinate systems defined by x" .ilfl, .i~·'. and having their origins at the center of each
sub-cell. arc displayed in Fig. 2. The following first-order displacement expansion in each
sub-cell is considered:

)1,2

hz

-Ill -(II
Xz L III Xz L _(Zl

p·1 ·3 p., X3

Y= I !~2.. ______
_ IZI I _(Zl
Xz

I XZ

L-II) I L -(Zl

P=2 X3 : p.2 )1,3

Y:I lY=2

)1,3

Fig. 2. Representalive volume clement for a fiher-matrix composite.
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(39)

where W:"' are the displacement components of the center of each sub-cell with (P:'"'.
J/J:fI~' characterizing the linear dependence of the displacements on the local coordinates
.i~/) ..ili'. Here the repeated Greek indices (in parentheses) do not imply summation.

By using the relations of continuity of displacements and of tractions at the interfaces
between sub-cells (see Aboudi (1986) for details). we can obtain a system of linear equations
in terms of the microvariables 1J: fI;' I• J/J:IJ;I. Solving for the microvariab1es we can obtain the
explicit constitutive law relating average stresses to average strains (Aboudi. 1986). The
detailed expressions for the resulting constitutive law of the elastic continuum can be found
in Aboudi (1987). Their employment along with the elastic-viscoelastic correspondence
principle yields the relevant micromechanical equations pertaining to a viscoelastic tiber­
reinforced composite (Chandiramani. 1987). These equations relate the Carson transformed
effective moduli of the composite (i.e. E,*,,,,"). to the Carson transformed etfective moduli
of the constituents (i.e. the fiber and matrix). The model developed in Aboudi (1987)
considers the constituents as being transversely isotropic. Furthermore. both the tiber and
the matrix may be modelled by a linearly viscoelastic constitutive law. However. for the
purpose of the present work. the fiber was modelled as a linearly elastic isotropic material.
while the matrix as a linearly viscoelastic isotropic one.

The properties of the isotropic. elastic. boron fibers considered in Aboudi and Wcits­
man (1974) are as follows:

(;111 -== 25x 10"psi

1\'111 = 33.2 x 10" psi

where (,'11).1\1
1
1 represent the shear and bulk moduli. respectively. Using the above proper­

ties. we obtain

;YI = 1\111_~(;(11 = 16.53x 10t'psi

('111(1)111 + "le lll )
'1 fI 1 _. - 1 6 4"l 6 I (7 ..
[~= .,11 '11 I =. - x ) pSi

I. +(/

(1\(1') _ ~GlfI)

pilI = 2(,(0'+ '[G lfI ) = 0.1990. (40)

Using the properties for the isotropic viscoelastic epoxy matrix considaed by
Mohlenpah el ul. (1969) and Schapery (1972) we can represent them as a three-parameter
solid in the following manner:

£Iml[lj=OJ~xIO'+O.lgxIO'·e0411;.10 "fOrO~I~2000h

Itlllll[I]=0.372-0.007e 0140,.)0 "fOrO~I~2000h (41 )

where the time I is in min.
Now in order to obtain the time-dependent relaxation moduli. E,/",,,[lj. for the visco­

elastic orthotropic composite plate. we must invert the corresponding Laplace transformed
moduli given by (s) I E,~m"[sj.

A rigorous treatm~ntof the problem of LT inversion is given by Bellman and Kalaba
(1966) and this method. which was chosen for this problem. has been effectively uscd in
Swanson (1980) for dynamic viscoelastic problems. Within this method. referred to as
Bellman's technique. theddinition of the LT is used to invert the LT by means ofa Gaussian
quadrature using orthogonal polynomials. Due to their excellent convergence properties.
Legendre polynomials were mainly used in Bellman and Kalaba (1966).
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800000

3OOO00L _.l....-_..L-_==::::;::==::i::==::!
o 5000 10000 15000

TIME(MINSl

Fig. 3. Material property for the orthotropic plate: £:"2 = £", ,.

It was observcd that ror thc ordcr or the polynomial N = 10. the convergence has been
attained to provide accurate results. For N = 15. the results were almost thc same as ror
N= 10.

Thc rcsults obtaincd ror E,/m.[/) VS time [/J arc shown in Figs 3-7 ror thc casc or
equally-spaccd squarc fibers (in which casc we obtain six indcpendent material constants
ror an orthotropic body instead ornine (Aboudi. 1(87». When thcse plots are fitted by an
exponential series corresponding to a three-parameter solid. we obtain the rollowing results:

E IIII = 0.2903 x lOx +0.2500 X lOb e(O.l7~b. III ')1

E~~~~ = E\I\I = 0.3212 x 10"+0.6769 x lOb C··(OHXb. 10 ')1

Ell ~~ = E II .I .1 = 0.1294 X lOb +0.2633 X lOb c -(0 17K5. 10 'l(

E~J~J = 0.5321 x 105 +O.1194x lOb e-(O~Jb5.IO 'II (42)

5000 10000
TIME (MINS)

o
100000'---.L.---.........--..........-----L---'-------J

15000

Fig. 4. Material property for the orthotropic plate: £"2: = Ell n.
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Fig. 5. Material property for the orthotropic plate: E"".
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Fig. 7. Material property for the orthotropic plate: £,,, I.

NUMERICAL RESULTS AND CONCLUSIONS

Numerical results
The stability boundary was obtained by solving the characteristic polynomials associ­

ated with TSDT (eqn (37»). and its FSDT counterpart. This was done by using the
IMSL subroutine ZPOLR. The numerical applications were considered ror an orthotropic.
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Fig. 8. Stability boundary for the ortholropic viscoelastic plate L ,,Ih = 4.8; biaxial compression;
(~~ = I.

400000

-HSOT
····FSOT

M-'
o "'-,
o "'-2
<> "'-3
i:J. "'-4

o

:i
is 100000
Ot

200000

$, (psi)

Fig. 9. Stability boundary for the: orthotrupic clastic plate:; Lilli "'= 4.8: biaxial compression;.5" "" I
or,)" = O.
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Fig. 10. Stability boundary for the orthotropic viscoelastic plate; L,,Ih = 24; uniaxial compression;
0" "" I or 0" =o.
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Fig. II. Stability boundary for the orthotropic elastic plate; L ,}, = 24; uniax.lal compression;
,), = I or (5., = O.
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Fig. 12. Comparison of stability boundaries for the ortholwpic elastic plate; L ,;}, = 24; unia.x.ial
compression.

viscoelastic plate. By invoking the initial value theorem for the Laplacc transformed material
properties appearing in cqns (22) the numerical applications could incorporate also their
elastic counterparts.

All cases above were considered so as to obtain an "exact" dynamic solution, i.e. for
0A = 0Il = Oc = (}I) = I where 0Il, 0c, (}lJ are tracers identifying the dynamic etfel:t in IJ" J"

rotary inertia and transverse inertia, respectively, while 0" is a tracer identifying the overall
(i.e. static and dynamk) effect of 0' J J. It was observed that the inclusion or exclusion of the
inertia terms does not affect the results.

The results associated with the classical Kirchhotr plate theory may be obtained as a
special case of the FSDT by considering K 1

-+X; whil:h is equivalent to considering infinite
transverse shear rigidities. The results obtained in this study arc not universal sinl:e a non­
dimensional analysis was not possible due to the inherent complexity of the problem.

The stability boundaries arc shown in Figs 8 12 for the following cases:

(i) viscoelastic, flat plate;
(ii) elastic, flat plate.

Cases (i) and (ii) arc considered for thick (Llflt = 4.8) as well as thin plates (L1flr = 24).
In addition, the following sub-cases were considered. (a) Biaxial compression for which
case, thc aspect ratio (A.R. == LrlL l ) of the plate was taken as unity. The values of the in­
plane normal edge loads 2: 11 VS 2:11 are plotted to obtain the stability boundaries. (b) Uniaxial
compression: within this case, the aspect ratio. A. R.. was varied and the corresponding value
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of III I was plotted in order to obtain the stability boundaries. For all plots shown. M and
S denote the mode numbers in the XI- and x:-directions. respectively. It was observed that
for biaxial compression. the stability boundaries corresponding to M = I were the lowest
ones. whereas for uniaxial compression. those corresponding to N = I were the lowest
ones. Therefore. in each of these two sub-cases. only the lowest stability boundaries were
displayed. For all the cases. unless otherwise indicated. instability occurs by divergence
only. Flutter boundaries are indicated on the figures. For the uniaxial compression case.
flutter instability occurs to the right of the arrow appearing in the figures.

Conclusions
In this paper. a stability analysis of orthotropic. viscoelastic rectangular plates has

been accomplished. The equations governing the stability were derived by using the cor­
respondence principle technique. The material properties were obtained by considering the
micromechanical model developed in Aboudi (1987). In the modeling of the problem. the
Boltzmann hereditary constitutive law for a three-dimensional viscoelastic medium has
been used. The stability problem was analyzed in the Laplace transformed space in order
to determine the asymptotic stability behavior.

The special cases considered in the numerical applications allow one to conclude the
following.

( I) The stability boundary determined for a viscoelastic plate is lower (i.e. more critical)
than its elastic counterpart.

(2) Figures Rand 9 reveal that "\1 may intlucnce the viscoelastic stability boundary in
a strong and beneficial way. However. as may be concluded from Figs 10 and II. for thin
panels the intluence of "1.1 on the instability boundaries becomes insignificant.

(3) Figures Xand l) as well as Figs 10 and II reveal that transverse shear deformation
c1fccts arc more pronounced in viscoclastil.: plates than in their elastic counterparts.
However. this feature is much more accentuated in the case of thick panels (Figs 8 and 9)
than in the case of thin ones (Figs 10 12).

(4) The analysis perfofllll:d here allows one to obtain the nature ofloss of stability. i.e.
eitha by divergence or by !lutter. It was revealed in Figs g and 10 that for an orthotropie
visl.:oclastie plate. the instability may result both by divergence and by flutter.

(5) It is observed that for large aspect ratios (L 1IL 1 ) the stability boundaries come
closa to their counterparts determined within the classical Kirchhoff theory of plates.
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